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1. This is a relay problem. The answer to each part will be used in the next part.
(a) Ms. Johnson writes 30 consecutive positive integers on her blackboard. In doing so, she
writes a total of 13 zeroes, 43 ones, 13 twos, 29 threes, 3 fours, 3 fives, 3 sixes, 3
sevens, 3 eights, and 7 nines. What is the smallest of the integers Ms. Johnson wrote
on her blackboard?
(b) Let

be the answer to part (a). Let

denote the greatest integer less than or equal

to . How many real numbers have the property that
?
(c) Let
be the answer to part (b). A hollow cone has total surface area
square
centimeters. The circular base is cut off, and the remaining surface is cut once and
unrolled into a
circular sector. What is the area of the sector?
Answers: (a) ________________ (b) _________________ (c) _________________

2. Each vertex of an isosceles right triangle lies on one of the lines
or
.
(One line may have two vertices while another has none.) What is the sum of all possible
values of the area of the triangle?
Answer:_________________

3. Find all prime numbers

such that

is divisible by

.

Answer:_________________

4. The polynomial

has real coefficients and satisfies
, where the remaining terms have

degree at most 2018. Suppose that the factorization of

over the real numbers is
for real numbers

and

. What is the value of the expression
?
Answer:_________________
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5. Evan has a deck of 27 cards that are numbered 1 through 27 inclusive, where each number
appears on exactly one card. He shuffles the cards, deals them from the deck in sets of 3, and
then from each set he keeps the middle-valued card and discards the highest and lowest
values, resulting in a smaller set of 9 cards. He repeats this process, shuffling the cards,
dealing them in sets of 3, and keeping the middle-valued card from each set while discarding
the others, to yield 3 cards. He finally selects the middle-valued card from this set of 3.
Suppose the value on this middle card is
.
(a) What is the minimum possible value of
?
(b) What is the probability that
equals its minimum possible value?
Answer: (a) _________________ (b) ______________________
6. Kiran and Evan are playing a number-guessing game. Evan chooses a 3-digit sequence 000
through 999 inclusive. Kiran then makes a sequence of 3-digit guesses, and after each guess,
Evan tells him either “you had at least one correct digit” or “none of your digits was correct.” For
example, if Evan’s number is 382 and Kiran guesses 311 or 182 or 382, Evan will say that at
least one digit was correct, whereas if Kiran guesses 014, 123, or 238, Evan will say that none
of the digits was correct.
(a) Prove that Kiran, if he uses an optimal strategy, can guarantee that he knows Evan’s
number after he has made 13 guesses.
(b) Prove that if Kiran only has 12 guesses, then he cannot necessarily determine Evan’s
number definitively.
Note: For this problem, please include your proof on separate sheets of paper.
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