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1. There exist unique positive integers with

.

Find the sum .
Answer:___________
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2. The function with nonzero has the properties ,

, and for all . Find the sum of all integers for which

is an integer.
Answer:__________

3. This is a relay problem. The answer to each part will be used in the next part.
(a) Archimedes stacks an infinite tower of spherical marbles, with centers along a vertical

line. Each marble’s diameter is 2/3 the diameter of the marble below it, and the total
height of the marbles is 1 unit. If the total volume of all of Archimedes’ marbles is
cubic units, what is the value of ?

(b) Let be the answer to part (a) and let . If
for some positive integers and , and , find the value of .

(c) Let be the answer to part (b). In triangle , side is three times the length

of side , and side has length . Point is chosen on side such

that segment bisects angle . If segment has length , what is the length
of side ?

Answers: (a) __________________ (b) _____________________ (c) ___________________

4. Let be the unique real number between 0 and 1 such that . If
is a strictly increasing sequence of positive integers such that

, find .
Answer:___________

5. Five points are chosen randomly and independently on the circumference of the unit circle

. What is the probability that it is possible to rotate the circle in such a way that all
5 points land in the first quadrant?

Answer:___________

6. For a positive integer , its “repetition level” is defined to be the smallest number of distinct
digits required to write some positive multiple of in base 10. For example, the number 21 has
repetition level 1, because 333,333 is divisible by 21 and only requires one distinct digit to write.

(a) Show that every positive integer has a repetition level less than or equal to 2.
(b) Let Show that between 16% and 17% (inclusive) of the integers

have repetition level 2.

Note: For this problem, please include your proof on separate sheets of paper.
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